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Abstract: We construct some examples of D = 3,N = 4 GW theory and N = 5 super-
conformal Chern-Simons matter theory by using the covariantly constant curvature of a
quaternionic-Kahler manifold to construct the symplectic 3-algebra in the theories. Com-
paring with the previous theories, the N = 4, 5 theories constructed in this way possess a
local Sp(2n) symmetry and a diffeomorphism symmetry associated with the quaternionic-
Kahler manifold. We also construct a generalized N = 8 BLG theory by utilizing the
dual curvature operator of a maximally symmetric space of dimension 4 to construct the
Nambu 3-algebra. Comparing with the previous N = 8 BLG theory, the theory has a
diffeomorphism invariance and a local SO(4) invariance associated with the symmetric
space.
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1. Introduction and Summary
In the last three years, the extended (N ≥ 4) supersymmetric Chern-Simons-matter (CSM)
theories in 3D have been constructed by using both ordinary Lie algebras and 3-algebras
[1] ∼ [15]. In particular, symlectic 3-algebra provides a unified framework for constructing
all N ≥ 4 CSM theories [12]. Using superalgebra to realize the 3-algebra, one can recover
all known examples of the extended N ≥ 4 CSM theories [9, 11, 12] and construct several
new classes of N = 4 theories as well [13].
A 3-algebra is a triple system. Since a covariantly constant curvature tensor also
defines a triple system, it is natural to ask whether it can be used to construct the 3-
algebras in the extended CSM theories. In this paper, we demonstrate that at least some
special curvature tensor can be used to construct the structure constants of the 3-algebra.
Specifically, we use the covariantly constant curvature tensor of a manifold admitting a
quaternion structure to construct the symplectic 3-algebra in the N = 4 GW theory and
N = 5 theory; the symmetry generated by the curvature tensor is partially gauged, and
the resulting gauge group is Sp(2n). Comparing to the original N = 4, 5 theories [3, 7],
the theories constructed in this way have a local Sp(2n) symmetry and a diffeomorphism
symmetry related to the (quaternionic-Kahler) manifold.
We demonstrate that the dual curvature tensor of a 4D (internal) manifold also defines
a triple system, providing that the curvature tensor is covariantly constant. Furthermore, if
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the dual curvature tensor is totally antisymmetric, we can use the triple system constructed
by the dual curvature operator to realize the Nambu 3-algebra in the N = 8 BLG theory.
The N = 8 BLG theory constructed in this way is a generalization of the previous theory
in Ref. [1, 2], in that it has a diffeomorphism invariance and a local SO(4) symmetry
associated with the 4D internal space. The gauge group generated by the dual curvature
3-algebra is still SO(4). It would be nice to analyze this generalized N = 8 BLG theory
further.
The paper is organized as follows. In Section 2, we briefly review the symplectic
3-algebra, and utilize the covariantly constant curvature tensor of a quaternionic-Kahler
manifold to construct the symplectic 3-algebra in the N = 4 GW theory and N = 5 theory
[12]. In Section 3, we use the dual curvature tensor of a maximally symmetric 4D space
to construct the Nambu 3-algebra in the N = 8 theory. In Appendix A, we briefly review
the N = 4, 5, 8 CSM theories. Our conventions are summarized in Appendix B.
2. Curvature Tensor and Symplectic 3-Algebra
2.1 A Review of Symplectic 3-Algebra
In this section, we will review the symplectic 3-algebra [9, 11]. A symplectic 3-algebra is a
complex vector space, equipped with the 3-bracket
[Ta, Tb;Tc] = fabc
dTd, (2.1)
where Ta (a = 1, ..., 2L) is a set of basis generators. We assume that the structure constants
are symmetric in the first two indices, i.e.
fabc
d = fbac
d. (2.2)
The structure constants are required to satisfy the fundamental identity
fabe
gfgfcd + fabf
gfegcd − fefdgfabcg − fefcgfabdg = 0. (2.3)
The transformation of a 3-algebra valued field X = XaTa is defined as
δΛ˜X
d = Λabfabc
d, (2.4)
where Λab is a set of parameters, satisfying the reality condition
Λ∗ba = Λ
ab = ωacωbdΛcd. (2.5)
To define a symplectic 3-algebra, we require the transform (2.4) to preserve both the
anti-symmetric form ω(X,Y ) = ωabX
aY b and the Hermitian form h(X,Y ) = X∗aY b si-
multaneously:
δΛ˜ω(X,Y ) = δΛ˜h(X,Y ) = 0. (2.6)
Together with (2.2), (2.5), and (2.9) below, Eqs. (2.6) imply that the structure constants
satisfy the symmetry conditions
fabcd = fbacd = fabdc = fcdab, (2.7)
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and obey the reality condition
f∗abcd = f
abcd = ωaeωbfωcgωdhfefgh. (2.8)
We have used the invariant antisymmetric tensor ωab to lower a 3-algebra index, i.e. fabcd ≡
ωdefabc
e. The inverse of ωab is denoted as ω
bc, satisfying ωabω
bc = δa
c. Also, to close the
N = 4, 5 superalgebras, the structure constants must satisfy the linear constraint equation
f(abc)d = 0. (2.9)
2.2 Curvature Tensor and Structure Constants of 3-Algebra
In this section, we will demonstrate that the covariantly constant curvature tensor of a
quaternionic-Kahler manifold can be used to construct the structure constants of the sym-
plectic 3-algebra. Let (M,g) be a 4n-dimensional manifold, which will be called an internal
space. Assume that the metric g is non-degenerate and positive definite. Suppose that the
curvature tensor is covariantly constant, i.e. ∇IRJKLM = 0, with the index I running over
1, · · · , 4n. Then the integrability condition [∇I ,∇J ]RKLMN = 0 gives
ROKIJROLMN +R
O
LIJRKOMN +R
O
MIJRKLON +R
O
NIJRKLMO = 0. (2.10)
On the other hand, it is well known that the curvature operator maps three vectors into
one vector, that is,
R(eI , eJ )eK = RIJK
LeL, (2.11)
where eI is a set of basis vectors satisfying
g(eI , eJ) = gIJ . (2.12)
Eqs. (2.11) and (2.10) actually define a triple system: using the curvature operator to
construct the 3-bracket
[eI , eJ ; eK ] ≡ R(eI , eJ)eK = RIJKLeL, (2.13)
we see that Eq. (2.10) is equivalent the equation
[eI , eJ ; [eM , eN ; eK ]] = [[eI , eJ ; eM ], eN ; eK ] + [eM , [eI , eJ ; eN ]; eK ] + [eM , eN ; [eI , eJ ; eK ]],
(2.14)
which plays the role of fundamental identity (FI). We call the Lie triple system defined by
(2.13), (2.12) and (2.14) a curvature 3-algebra. The curvature 3-algebra can generate an
SO(4n) symmetry; the corresponding symmetry group is of course the holonomy group.
Writing RIJKL as (RIJ )KL, we can think of that (RIJ) are a set of matrices,
1 with (RIJ)KL
the matrix elements. Then the matrices (RIJ) are indeed a set of SO(4n) generators,
since they preserve the symmetric and nondegenerate inner product gKL in the sense that
1Here (RIJ ) is not the Ricci tensor RIJ .
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[∇I ,∇J ]gKL = RIJKMgML + RIJLMgKM = 0, i.e. the matric elements (RIJ)KL are
antisymmetric in KL. The structure constants of the algebra can be read off from (2.10).
Assume that the manifold admits the quaternion structure or the triplet of complex
structures
(J i)I
J = −ieaAI (σi)ABeJaB , (2.15)
where (σi)A
B (i = 1, 2, 3; A = 1, 2) are the pauli matrices. The vielbein eaAI satisfies
eaAI eJaA = gIJ , e
aA
I e
IbB = ωabǫAB , (2.16)
where eIbB = gIJebBJ . Here ǫ
AB is the antisymmetric tensor of Sp(2) ∼= SU(2), and the
antisymmetric tensor ωab will be identified as the symplectic form of Sp(2n). We denote
the inverse of ǫAB as ǫBC : ǫ
ABǫBC = δ
A
C . The inverse of ω
ab is ωbc satisfying ω
abωbc = δ
a
c .
Since gIJ is real, the vielbein must obey the reality condition eIaA = ǫABωabe
bB
I . The
quaternion algebra reads J iJ j = ǫijkJk − δij . The triplet of complex structures, vielbein
and antisymmetric tensors must be covariant constants,
∇I(J i)JK = ∇IeaAJ = ∇IǫAB = ∇Iωab = 0. (2.17)
The integrability condition
[∇I ,∇J ]eaAK = RIJKLeaAL +RIJabebAK +RIJABeaBK = 0 (2.18)
suggests that the curvature tensor RIJK
L can be decomposed into two parts2:
eIaAe
J
bBe
K
cCe
L
dDRIJKL = RaA,bB,cC,dD = ωabωcdRABCD + ǫABǫCDRabcd. (2.19)
The symmetry properties of RIJKL (RIJKL = −RJIKL = −RIJLK = RKLIJ) imply that
Rabcd and RABCD obey the symmetry conditions
Rabcd = Rbacd = Rabdc = Rcdab, (2.20)
RABCD = RBACD = RABDC = RCDAB. (2.21)
The integrability condition
[∇I ,∇J ]ωab = RIJacωcb +RIJ bcωac = 0 (2.22)
implies that the matrix RIJ
a
c (for fixed I and J) is an Sp(2n) matrix. Similarly, for fixed
I and J , the matrix RIJ
A
B is a generator of the Lie algebra of Sp(2). Later we will see,
only the symmetry generated by Rbd
a
c will be gauged, meaning that we will gauge part of
the full symmetry generated by RIJK
L. By Eqs. (2.17) and (2.15), we learn that the pauli
matrices must be covariantly constant as well, i.e. ∇aA(σi)EF = 0. Defining
(τCD)EF ≡ σiCDσiEF = ǫCEǫDF + ǫCF ǫDE, (2.23)
2For a general discussion of the curvature of quaternionic-Kahler manifolds, see Ref. [16].
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the integrability condition ωba[∇aA,∇bB ](τCD)EF = 0 gives
RABC
G(τGD)EF +RABD
G(τCG)EF +RABE
G(τCD)GF +RABF
G(τCD)EG = 0. (2.24)
In accordance with the decomposition (2.19), Eq. (2.10) is decomposed into two equa-
tions
Rabe
gRgfcd +Rabf
gRegcd −RefdgRabcg −RefcgRabdg = 0, (2.25)
RABE
GRGFCD +RABF
GREGCD −REFDGRABCG −REFCGRABDG = 0. (2.26)
It can be see that (2.20) and (2.25) take exactly the same forms as that of (2.7) and (2.3),
respectively. However, if we want to identify the structure constants fabcd with Rabcd, we
must make sure that Rabcd also obeys the linear constraint equation (2.9) and satisfies the
reality condition (2.8). We will see that at least in some special case, these two requirements
can be fulfilled. To see this, let us consider the algebraic property of the Riemann curvature
tensor
RaA,bB,cC,dD +RbB,cC,aA,dD +RcC,aA,bB,dD = 0. (2.27)
Using the decomposition (2.19), Eq. (2.27) can be converted into
RabcdǫABǫCD +RbcadǫBCǫAD +RcabdǫCAǫBD
+RABCDωabωcd +RBCADωbcωad +RCABDωcaωbd = 0. (2.28)
Let us solve for RABCD first; comparing (2.26) with (2.24), we find an obvious solution to
these two equations:
RABCD = k(τAB)CD = k(ǫACǫBD + ǫADǫBC), (2.29)
where k is proportional to the (constant) curvature scalar R = gIJRIJ . It can be seen
that right hand side of (2.29) satisfies the symmetry conditions (2.21) and Eq. (2.26).
Substituting equation (2.29) above into (2.28), we obtain
[Rabcd −Rbcad − k(ωbcωad − 2ωcaωbd + ωabωcd)]ǫABǫCD
+[Rcabd −Rbcad + k(ωbcωad − 2ωabωcd + ωcaωbd)]ǫCAǫBD = 0, (2.30)
where we have used the identity ǫABǫCD = ǫACǫBD − ǫBCǫAD. We observe that if the first
line vanishes, then the second line vanishes automatically, and vice versa. We therefore
need only to consider the equation
Rabcd −Rbcad − k(ωbcωad − 2ωcaωbd − ωabωcd) = 0. (2.31)
Under the condition R(abc)d = 0, the solution is given by
Rabcd = k(ωacωbd + ωadωbc), (2.32)
which is nothing but an Sp(2n) matrix (for fixed a and b). Now it is straightforward to
check that (2.32) obeys the linear constraint equation (2.9) and satisfies the reality condition
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(2.8): namely, R(abc)d = 0 and R
∗
abcd = R
abcd = ωaeωbfωcgωdhRefgh. Hence Rabcd can be
used to construct the structure constants of the symplectic 3-algebra. Substituting (2.29)
and (2.32) into (2.19) determines k = R8n(n+2) . Also by (2.29) and (2.32), we learn that our
solution RaA,bB,cC,dD is consisted of entirely by covariantly constant quantities such as ωab
and ǫAB, so it must be also a covariantly constant tensor, i.e. ∇IRaA,bB,cC,dD = 0. Setting
fabcd = Rabcd and substituting (2.32) into Eq. (A.1) (Eq. (A.5)) gives the N = 4 GW
(N=5) theory with Sp(2n) gauge group.
It can be seen that the N = 4 action constructed here has the symmetries associated
with the quaternionic-Kahler manifold:
• Diffeomorphism invariance3:
R′abcd(q
′) = Rabcd(q), Z ′aα (q
′) = Zaα(q), ψ
′a
α˙ (q
′) = ψaα˙(q), A
′ab
µ (q
′) = Aabµ (q)
(2.33)
with qJ a set of local coordinates, and qI → q′I an arbitrary coordinate transforma-
tion.
• Local Sp(2n) symmetry:
Zˆaα(q) = L
a
b(q)Z
b
α(q), ψˆ
a
α˙(q) = L
a
b(q)ψ
b
α˙(q), Aˆ
ab
µ (q) = L
a
c(q)L
b
d(q)A
cd
µ (q),
fˆabcd(q) = Rˆabcd(q) = La
e(q)Lb
f (q)Lc
g(q)Ld
h(q)Refgh(q) = Rabcd(q), (2.34)
where La
e(q) = ωacω
edLcd(q), and L
a
b(q) satisfies
Lca(q)L
d
b(q)ωcd = ωab. (2.35)
In the last equation of (2.34), we have used (2.32) and (2.35).
Similarly, the N = 5 theory also possesses the diffeomorphism symmetry and the local
Sp(2n) symmetry associated with the internal space.
However, we emphasis that the N = 4 GW theory constructed here is not a conven-
tional nonlinear sigma model like the one in Ref. [3]: in our construction, the scalar fields
Zaα are a set of complex vectors of the quaternionic-Kahler manifold, while in the original
N = 4 GW non-linear sigma model, the scalar fields are a set of local coordinates of the
target space being a 4n-dimensional hyper-Kahler manifold. Also, the gauge symmetry of
the N = 4 GW theory constructed here is generated by the curvature 3-algebra or the
holonomy algebra of the internal space, while in the N = 4 GW nonlinear sigma model,
the gauge symmetry is generated by the Killing vectors of the target space.
3. Dual Curvature Tensor and Generalized N = 8 BLG Theory
In this section, we will demonstrate that the Nambu 3-algebra can be realized by utilizing
the dual curvature operator of a 4D maximally symmetric space. We call this symmetric
3The indices α = 1, 2 and α˙ = 1, 2 below denote the bifundamental representation of the R-symmetry
group SU(2) × SU(2) (see Section A.1).
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space an internal space. A generalized N = 8 BLG theory possessing a diffeomorphism
invariance and a local SO(4) symmetry related to the internal space can be constructed
by virtue of the dual curvature tensor.
In 4D, the dual curvature tensor is defined as
R˜abcd =
1
2
√
gεabefR
ef
cd, (3.1)
where g = det(gab), and
√
gεabef is the totally antisymmetric tensor
4. (We assume that
the metric is nondegenerate and positive definite.) If the curvature tensor Refcd satisfies
∇gRefcd = 0, we must have ∇gR˜abcd = 0 on account of that √gεabef is always a covariant
constant. To prove that ∇g(√gεabef ) = 0, we introduce a set of vielbein fields eai (i =
1, · · · , 4) satisfying δijeai ebj = gab and gabeai ebj = δij . Now the totally antisymmetric tensor
can be converted into a constant εijkl = e
a
i e
b
je
c
ke
d
l
√
gεabcd (our convention is that ε
ijkl =
δimδjnδkoδlpεmnop = εijkl), and its covariant derivative is given by
∇mεijkl = eam(∂aεijkl − ωaniεnjkl − ωanjεinkl − ωankεijnl − ωanlεijkn). (3.2)
The spin connection can be written as ωa
n
i =
1
2ω
op
a (σop)
n
i, with (τop)
n
i = δ
n
o δpi− δoiδnp the
SO(4) matrices. Since ∂aεijkl = 0, the right hand side of (3.2) becomes
−1
2
eamω
op
a [(τop)
n
iεnjkl + (τop)
n
jεinkl + (τop)
n
kεijnl + (τop)
n
lεijkn]. (3.3)
The quantity in the bracket is nothing but the variation of εijkl under the transformation
generated by (τop); it vanishes due to the fact that εijkl is SO(4)-invariant. Alternatively,
one can write the first term in the bracket of (3.3) as
(τop)niεnjkl = (
1
2
εmsopε
ms
ni)εnjkl. (3.4)
Substituting εopmsε
njkl = δ
[n
o δ
j
pδ
k
mδ
l]
s into the right hand side of (3.4) proves that (3.3)
is zero. This completes the proof that ∇mεijkl = 0, meaning that the tensor √gεabef
is a covariant constant. Assuming that ∇aRcdef = 0, and multiplying the integrability
condition [∇g,∇h]R˜cdef = 0 by 12
√
gεabgh, we obtain
R˜abe
gR˜gfcd + R˜abf
gR˜egcd − R˜efdgR˜abcg − R˜efcgR˜abdg = 0. (3.5)
On the other hand, we can construct a 3-bracket in terms of the dual curvature operator:
{ea, eb, ec} ≡ 1
2
√
gεabefR(e
e, ef )ec = R˜abc
ded, (3.6)
with ea a set of basis vectors satisfying
g(ea, eb) = gab. (3.7)
4Here a = 1, · · · , 4 is a tangent vector index, not an Sp(2n) fundamental index of the last section. We
hope this will not cause any confusion.
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We now see that taking account of the inner product (3.7), Eq. (3.5) is equivalent to the
fundamental identity
{ea, eb, {ec, ed, ee}} = {{ea, eb, ec}, ed, ee}+{ec, {ea, eb, ed}, ee}+{ec, ed, {ea, eb, ee}}. (3.8)
We call the triple system defined by Eqs. (3.6), (3.7) and (3.8) a dual curvature 3-algebra.
In Section 2.2, we have demonstrated that the curvature tensor of the 4n-dimensional
manifold can generate an SO(4n) symmetry. Based on the same reason, the dual curvature
3-algebra can generate an SO(4) symmetry.
If R˜abcd is completely antisymmetric in all indices, the dual curvature 3-algebra is an
obvious realization of the Nambu 3-algebra5. We now assume that R˜ is totally antisym-
metric. Since in 4D the totally antisymmetric tensor is essentially unique, we must have
R˜abcd = k
√
gεabcd. Using Eq. (3.1), one can determine that
Refcd =
R
12
(gecgfd − gedgfc). (3.9)
Namely, the manifold is maximally symmetric and k is given by k = R12 , with R the
curvature scalar, which must be a constant. Therefore our final result is
fabcd = R˜abcd =
R
12
√
gεabcd. (3.10)
R˜abcd being totally antisymmetric is a necessary condition for closing the N = 8 superalge-
bra. We now present an alternative derivation of (3.10). Since R˜abcd = −R˜bacd = −R˜abdc,
R˜abcd will be totally antisymmetric if R˜abcd = −R˜acbd. Multiplying both sides of the equa-
tion by 12√gεef
ab and using (3.1), we obtain
Refcd = (
1
2
√
g
εef
ab)(−1
2
√
gεac
ghRghbd). (3.11)
A short calculation gives
Refcd +
1
3
(gfcRed − gecRfd) = 0. (3.12)
In order that Refcd = −Refdc, we must require that gfcRed−gecRfd = −(gfdRec−gedRfc).
Multiplying both sides by gcf determines the Ricci tensor Red uniquely: Red =
R
4 ged.
Substituting it into (3.12) gives (3.9). Combining (3.9) and (3.1), we obtain (3.10) again.
We see that the curvature tensor (3.9) indeed obeys the crucial equation ∇bRefcd = 0.
The dual curvature tensor satisfies Eq. (3.5), and has the desired symmetry properties as
well. So (3.6) and (3.8), as well as the inner product (3.7), are indeed a realization of the
Nambu 3-algebra. In this realization, we must use the metric gab and its inverse g
bc to lower
and raise indices, respectively. Plugging (3.10) into Eq. (A.8) and (A.9) gives the N = 8
BLG theory with SO(4) gauge group. The matter fields are in the vector representation
5If the inner product is Lorentzian in the sense that gabeiae
j
b = η
ij , then it is a realization of the
Lorentzian 3-algebra. But we do not consider this case in the current paper.
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of SO(4). The N = 8, SO(4) theory has been conjectured to be the dual gauge theory of
two M2-branes [4].
Comparing with the original N = 8 BLG theory in Ref. [1, 2], our theory has a diffeo-
morphism invariance and a local SO(4) symmetry related to the 4D (internal) symmetric
space. Specifically, the theory is invariant under the transformations
Z ′Aa (σ
′) =
∂σb
∂σ′a
ZAb (σ), ψ
′
Aa(σ
′) =
∂σb
∂σ′a
ψAb(σ),
A′µ
a
b(σ
′) =
∂σ′a
∂σc
∂σd
∂σ′b
Aµ
c
d(σ), g
′
ab(σ
′) =
∂σc
∂σ′a
∂σd
∂σ′b
gcd(σ),
f ′abcd(σ
′) = R˜′abcd(σ
′) =
∂σe
∂σ′a
∂σf
∂σ′b
∂σg
∂σ′c
∂σh
∂σ′d
R˜efgh(σ) =
√
g′εabcd, (3.13)
where σa and σ′a are two sets of coordinates of the 4D internal space. The N = 8 action
is also invariant under the local SO(4) transformations:
ZˆAi (σ) = Li
j(σ)ZAj (σ), ψˆAi(σ) = Li
j(σ)ψAj(σ), Aˆµ
i
j(σ) = L
i
k(σ)Lj
l(σ)Aµ
k
l(σ)
Lki(σ)L
l
j(σ)δkl = δij , fˆijkl(σ) =
ˆ˜
Rijkl(σ) = εijkl = R˜ijkl(σ), (3.14)
where ZAi = e
a
iZ
A
a , ψAi = e
a
i ψAa and Aµ
i
j = e
i
be
b
jAµ
a
b, and Li
j(σ) = δikδ
jlLkl(σ). Hence
our theory is sort of generalized N = 8 BLG theory.
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A. A Review the N = 4, 5, 8 Theories.
In this section, we review the N = 4, 5, 8 CSM theories.
A.1 N = 4 GW Theory
The N = 4 GW theory was first constructed in Ref. [3], using an ordinary Lie algebra
approach. In Ref. [12], the N = 4 GW theory was constructed in terms of the symplectic
3-algebra. (The symplectic 3-algebra is reviewed in Sec. 2.1.) The action reads
L = 1
2
(−DµZ¯αaDµZaα + iψ¯α˙a γµDµψaα˙)−
i
2
facbdZ
a
αZ
αbψc
β˙
ψβ˙d
+
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
12
fabcgf
g
defZ
αaZbβZ
β(cZd)γ Z
γeZfα. (A.1)
Here α = 1, 2 and α˙ = 1, 2 are the undotted and dotted indices of the SU(2) × SU(2) R-
symmetry group, respectively; a = 1, · · · , 2n a symplectic 3-algebra index. The covariant
derivative is defined as
DµZ
α
d = ∂µZ
α
d − A˜µcdZαc , A˜µcd = Aabµ fabcd. (A.2)
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The matter fields obey the natural reality conditions Z¯αa = ωabǫ
αβZbβ, and ψ¯
α˙
a = ωabǫ
α˙β˙Zb
β˙
.
Here ǫαβ and ǫα˙β˙ are invariant antisymmetric tensors of the R-symmetry group SU(2) ×
SU(2), satisfying ǫαβǫβγ = δ
α
γ and ǫ
α˙β˙ǫ
β˙γ˙
= δα˙γ˙ . The supersymmetry transformations are
given by
δZaα = iǫα
α˙ψaα˙,
δψaα˙ = −γµDµZaβǫ†α˙β −
1
3
fabcdZ
b
βZ
βcZdγǫ
†
α˙
γ ,
δA˜µ
c
d = iǫ
αβ˙γµψ
b
β˙
Zaαfab
c
d, (A.3)
where the parameter satisfies the reality condition
ǫ†α˙β = −ǫβγǫα˙β˙ǫγβ˙. (A.4)
A.2 N = 5 Theory
The N = 5 action reads [11]
L = 1
2
(−DµZ¯αaDµZaα + iψ¯αaDµγµψaα)
− i
2
ωαβωγδωdefabc
e(ZaαZ
c
βψ¯
b
γψ
d
δ − 2ZaαZcδ ψ¯bγψdβ)
+
1
2
ǫµνλ(ωdefabc
eAabµ ∂νA
cd
λ +
2
3
ωfhfabc
gfgde
hAabµ A
cd
ν A
ef
λ ) (A.5)
− 1
60
(2fabc
gfgdf
e − 9fcdagfgfbe + 2fabdgfgcf e)ZfαZαaZbβZβcZdγZγe .
Here α = 1, · · · , 4 is a fundamental index of the Sp(4) R-symmetry group 6; a = 1, · · · , 2n a
symplectic 3-algebra index. The covariant derivative is defined as DµZ
α
d = ∂µZ
α
d −A˜µcdZαc ,
where A˜µ
c
d = A
ab
µ fab
c
d. The matter fields obey the reality conditions
Z∗aα = ω
αβωabZ
b
β, ψ
∗a
α = ω
αβωabψ
b
β. (A.6)
Here ωαβ is the invariant antisymmetric tensor of Sp(4), satisfying ωαβω
βγ = δγα. The
supersymmetry transformations are given by
δZaα = iǫ¯α
βψaβ
δψaα = γ
µDµZ
a
βǫ
β
α +
1
3
fcdb
aωβγZbβZ
c
γZ
d
δ ǫ
δ
α − 2
3
fcdb
aωβδZbγZ
c
δZ
d
αǫ
γ
β
δA˜µ
c
d = iǫ¯
αβγµψ
b
βZ
a
αfabd
c, (A.7)
where the parameter ǫαβ is antisymmetric in αβ, satisfying
ωαβǫ
αβ = 0, ǫ∗αβ = ω
αγωβδǫγδ.
6In the N = 4 theory (see Appendix A.1), α = 1, 2 transforms in the fundamental representation of one
factor of the SU(2) × SU(2) R-symmetry group. We hope this will not cause any confusion.
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A.3 N = 8 BLG Theory
Here we will follow the convention of Ref. [15]. The action is given by
L = −DµZ¯aADµZAa − iψ¯AaγµDµψAa
−ifabcdψ¯AdψAaZBb Z¯cB + 2ifabcdψ¯AdψBaZBb Z¯cA
− i
2
εABCDf
ab
cdψ¯
AcψBdZCa Z
D
b −
i
2
εABCDf cdabψ¯AcψBdZ¯
a
CZ¯
b
D
+
1
2
εµνλ(fabcdAµ
c
b∂νAλ
d
a +
2
3
facdgf
ge
fbAµ
b
aAν
d
cAλ
f
e) (A.8)
−2
3
(fabcdf
ed
fg − 1
2
f ebcdf
ad
fg)Z¯
c
AZ
A
e Z¯
f
BZ
B
a Z¯
g
DZ
D
b .
Here A = 1, · · · , 4 is a fundamental index of the SU(4) R-symmetry group7. And a =
1, · · · , L is a Hermitian 3-algebra index. The covariant derivative is defined as DµZAb =
∂µZ
A
b − A˜µabZAa , where A˜µab = Aµdcfacdb. The SUSY transformation law reads
δZAd = −iǫ¯ABψBd
δψBd = γ
µDµZ
A
d ǫAB + f
ab
cdZ
C
a Z
A
b Z¯
c
CǫAB + f
ab
cdZ
C
a Z
D
b Z¯
c
BǫCD
δA˜µ
c
d = −iǫ¯ABγµZAa ψBbf cabd + iǫ¯ABγµZ¯aAψBbf cbad. (A.9)
Here the SUSY transformation parameters ǫAB satisfy
ǫAB = −ǫBA, ǫ∗AB = ǫAB =
1
2
εABCDǫCD. (A.10)
In the action and the supersymmetry transformation law, only SU(4) R-symmetry is man-
ifest. However, in Ref. [14], it was demonstrated explicitly that theory actually has an
N = 8 R-symmetry, if the structure constants fabcd are totally antisymmetric or the Her-
mitian 3-algebra becomes the Nambu 3-algebra.
B. Conventions
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (B.1)
For the metric we use the (−,+,+) convention. We also define the totally antisymmet-
ric tensor εµνλ = −εµνλ. So εµνλερνλ = −2δµρ. We raise and lower spinor indices with
an antisymmetric matrix ǫαβ = −ǫαβ, with ǫ12 = −1. For example, ψα = ǫαβψβ and
γ
µ
αβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. We use the following spinor summa-
tion convention: ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, where ψ and χ are anti-commuting
Majorana spinors.
7In Section 2.2, A = 1, 2 denotes the Sp(2) index of the curvature tensor of the quarternionic-Kahler
manifold; in this section, A = 1, · · · , 4 refers to the fundamental index of the SU(4) R-symmetry of the
BLG theory. We hope this will not cause any confusion.
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